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Exam preparation sheet - Solutions Part 6

0.1 Stationarity, Ergodicity, Spectral measure and spectral density

Solutions: (a) (i) X is not stationary. Since EX,, = 0 and Var(X,,) = 1 is constant, we have
to compute the more complicated covariances. Note that by independence, Cov(X;, X3) =
FCov(er,e1 +e2) = 75, but Cov(Xo, X3) = Z=Cov(er +ey,61 + &2 + €3) = (Var(er) +
Var(ey)) = \/lé, thus Cov (X7, X3) # Cov(Xs, X3) and X cannot be stationary.

(i) We have Var(X,,) = n?Var(e,) = n? which is not constant in n, thus X is not stationary.
(iii) Since (£,)nen is an i.i.d. sequence, it is stationary and ergodic. The function g : R? —
R, g(x,y) = 2% + y? is measurable and for all n € Ny it holds that X,, = g(&,,&ns1). Thus X is
stationary and ergodic as a filter of a stationary and ergodic sequence.

(iv) X is stationary since for all n € Ny and k € Ny we have PXnXntr) — Pleoso) —
PXo--Xx) - X is not ergodic. Proof: If X would be ergodic, the ergodic theorem would imply
that e = = >0 160 = = > i, X; = E[X;] = Eeyp = 0, i.e. &g = 0. This would imply that
Var(ep) = 0 in contradiction to Var(gy) = 1.

Remark: Another possibility is to directly argue with the shift transformation (cf. Ezercise Sheet
1, Task 4(a)): Let M € B(R) be arbitrary with P(eg € M) & {0,1}. Such a set M exists since
g0 is mot a.s. constant (it has positive variance). Define A := [] oy, M € B(R™). The shift
transformation T : RN — RN (2}, cny = (Zng1)nen, satisfies T-HA) = A, but

PXrdneto (A) = P(Vn € Ny : X, € M) =P(go € M) ¢ {0,1}.

This is a contradiction to ergodicity.

(v) X is stationary. Proof: We restrict ourselves to the case that n is odd and k is odd (all
other combinations are similarly proven or trivial). In this case, it holds that (X, ..., X,1x) =
(1,€0, ..., €1, €0). It follows by independence that P01 = P @ Pe1 =

I[P @P = PEveo) Application of g(z,y) = (y, @, ...,y, ) on (o, 1) and (g1, £9) shows that also
g(eo,e1) = (€1,€0,--,61,60) = (Xny ooy Xpyx) and g(e1,60) = (0,61, .., €0,61) = (Xoy-ory Xi)
have the same distribution.

X is not ergodic. Proof: Let M € B(R) be arbitrarily chosen with P(gy € M) ¢ {0,1}. Such a
set M exists since €¢ is not constant a.s. Define A := [], .y, M € B(RMY). Obviously, the shift
transformation 7' : RN — RNo (2,),.cny + (Zni1)nen, fulfills T71(A) = A. But we have

PXnnerio (A) = P(Vn € Ny : X, € M) =P(sg € M,e; € M) =P(g € M)?* ¢ {0,1},

which is a contradiction to ergodicity.

Note that
() = Cov(Xo, X) = 4 * 7O = 21+ (1)
0 0, kodd 2
does not converge to 0 for k& — oo, thus ), , [c(k)| = co. Thus a spectral density may not

exist. We therefore directly calculate the spectral measure by making the approach Fyx =



ad,, + ad_,, +bdy with some a,b > 0 and w € (0, 7] and Dirac measures .. The spectral measure
has to fulfill

%(1 + (=D)F) = ¢(k) = /7r e dFy(\) = b+ a(e™* + e *) = b+ 2a cos(wk).

Since cos(mk) = (—1)*, we see that w =7, b= and a = 1, i.e. Fx = (0, +6_5) + 3.

(vi) Since (€,)nen is an i.i.d. sequence, it is stationary and ergodic. The function g : R? —
R, g(z,y) = x + ay is measurable and for all n € Ny it holds that X,, = g(e,,,e,-1). Thus X is
stationary and ergodic as a filter of a stationary and ergodic sequence.

We have EX,, = Ee,, + aEe,_; = 0, and ¢(0) = Var(X,,) = 1 + o? and ¢(1) = Cov(X,, X;) =
Cov(eg+ae_1,e1+agp) = a. By independence of the €;, c¢(k) = 0 for k > 2. Thus ), _, |c(k)| =
c(0)| +2|c(1)] < oo, and there exists a spectral density of the form fx(\) = 5= >, ., c(k)e* =
o= (c(0) + 2¢(1) cos(N)) = 5= ((1 + a?) + 2 cos(N)).

(vii) Since (£,)nen is an i.i.d. sequence, it is stationary and ergodic. The function g : R® —
R, g(x,y,2) = 1z~ is measurable and for all n € Ny it holds that X,, = g(en, €nt1,Enta)-
Thus X is stationary and ergodic as a filter of a stationary and ergodic sequence.

We have E[X,] = P(e, > £,42) = 3 by symmetry (£,,en42 are i.i.d.) and

C(O) = VaI'(Xo) = ]E[Xg] — E[X()]Q = ]P(EQ > 52) — E[XQ]Q = % — le = éll

c(1) = Cov(Xp, X1) = 0, c(k) = Cov(Xp, Xi) = 0 for & > 3 since Xy, X, are independent in
these cases.

E[XoX5] = P(gg > € > £4) = # (by symmetry, there are 6 possible orders for the i.i.d. variables
60,52,84), thus C(Z) = COV(X(),XQ) = E[XOXQ] — E[XO]Z = é — le = —%

We obtain that ), [c(k)| = [c¢(0)[ 4 2|c(2)] < oo, thus the spectral density exists and has the
form fx(A) = 5= ez c(k)e™ = 5=(c(0) + 2¢(2) cos(2))) = 5=(F — & cos(2))).

(viii) X is not stationary since Var(X,,) = Var(B,,) = n (recall that the Brownian motion fulfills
B, ~ N(0,n)), i.e. the variance of X,, is not constant in n.

(ix) Note that D,, := B,.1 — B, iid N(0,1) for n € Ny. Thus (D,,)nen, is an i.i.d. sequence
and thus stationary and ergodic. The function ¢g : R*? — R, g(x,y) = x + y is measurable and
X, = g(Dy, Dyyq) for all n € Ng. Thus X is stationary and ergodic as a filter of a stationary
and ergodic sequence.

(x) X is not stationary since Var(Xs,) = Var(Bs, — B,,) = n is not constant in n (recall that

By, — B, ~ N(0,n)).

(b) (i) (U;)iez is an i.i.d. sequence and thus stationary and ergodic. The function g : R* — R,
9(z,y) = 21z <a} +Y1L{jz|>a} is measurable and X; = g(U;, U;_4) for i € Z, thus X is stationary
as a filter of a stationary sequence.

(ii) Since (X;);ez is stationary and ergodic, the same holds for (|X;|);ez. The ergodic theorem
implies that £ >™" | |X;| — E|X,| a.s. Here, we have

E|Xo| = E|Us|Lqus|<a) TEIU-1|ELfjue)>ar =
—_— ——

:% Jolu du:%

(this is a finite value, which justifies the application of the ergodic theorem). We conclude that

an =3 2> ,|Xi| > aas.

(c) (i) (Uj)iez is an i.i.d. sequence and thus stationary and ergodic. The function g : R? — R,
9(x,y) = L{z<ay} is measurable and X; = g(U;,U;_) for i € Z, thus X is stationary as a filter
of a stationary sequence.



(ii) Since (X;)icz is stationary and ergodic and g : R* — R, g(x,y) = zy is measurable,
we obtain that Y; := X;X; 1 = ¢g(X;, X;_1) is stationary and ergodic. Furthermore we have
E|Yy| <1 < oo since | X;| < 1. Thus the ergodic theorem is applicable to (Y;) and yields

1 a 1 " see above calc. @
—E XZ-Xi,:—E Y, — E|Yy| = E| X X,] = = — .S.
n i=1 1 n =1 [ O] [ ’ 1] 6 e

Since g(z) = (6x)'/3 is continuous, we obtain that

. 1 & a’
Qy, = g(a ZXZ-Xi_1> — g(E) =a a.s.
i=1
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