Exam preparation sheet - Solutions part 5

0.5 Ito calculus

Solutions: (a) To use martingale arguments and Ito isometry, we have to show that the
integrands of the stochastic integrals are in £ (It is known from the lecture that we can assume

that W € My). Define f(s,w) := s*B,(w). Then we have f € L since
e For all s € [0,7], f(s,-) € Fs since B, € Fs.

e For all w € Q, s — f(s,w) is continuous (s — By is continuous) and thus (together with
the first point) f is product-measurable.

e We have
T T 1
/ E[f(s, )% ds = / s'E[B?] ds = ~T® < 0o. (%)
0 0 ~—— 6

In the same manner we obtain that f(s,w) := By(w)? fulfills ¢ € £ since
e For all s € [0,77], g(s,-) € Fs since B € Fs.

e Forall w € Q, s +— g(s,w) is continuous (s — By is continuous) and thus (together with
the first point) g is product-measurable.

e We have by the hint E[Z%] = 3 for Z ~ N(0, 1), thus

/OT Elg(s, )2] ds — /OT% ds = T3 < o0, (%#)

=3s2

Since f, g € L, we have that (X;);>0 = (fo )t>0 and (fo ) dB )t>0 are martin-
gales w.r.t. 7. We obtain that for all 0 <t < T

t 0
— _ Y N _
EX;=E X, =0, EY; =e E[/O g(s,w) st} =e E[/O g(s,w) st} = 0.

=0 ~ ~~

By the Ito isometry, we obtain that

:]E[(/Otf(s,.) stﬂ :/Ot]E[f(s,.)Q] ds @ g

d
an E[v?] = GQME[(/tg(g? ) dBS>2i| _ 2N /t]E[g(S, )2 ds (%) 243
0 0
and
E[X:Y;] = eAtE[/tf(& +) dB; - /tg(S, ) dBS} =M /tE[f(s, Dg(s, )] ds EBI=0
0 0 0 S

=s2B3

(b) We first show that f(s,w) := e**®) isin L:

e For all s € [0,7], f(s,-) € Fs since By € Fy.



e For all w € Q, s — f(s,w) is continuous (s — Bj is continuous) and thus (together with
the first point) f is product-measurable.

e We have by the hint E[e??] = ¢7"/2 for Z ~ N(0, 1), thus

! 2 ’ 2B T, L oner
i E[f(s,-)?] ds = i E[e**7] ds:[2)\2}0:2—>\2(e —1) <oco. (k%)
262)\25

Since f € L, we have that (fg f(s,-) dBS)t>o is a martingale. We obtain that

t 0
EX;, =1 —HE[/ f(s,)dBg| =1 —HE[/ f(s,+) dBg] = 1.
0 0
=0
By Ito’s isometry, we have

E[y?]=Var(y)+E[y]?

E[X2] E[(X,— 1) +1=1+ E[(/Otf(s, ) stﬂ 1+ /OtE[f(s, )2 ds

(ko) 1 2
= 1+W(62/\t_1).

(c) We use the property of stochastic integrals fot f(s,-) dBs to be martingales if the integrand
fecrL.
(i) Note that X; = g(¢, B;) with g(¢,z) := 5 + 2* — 6ta? + 3t%. By Ito’s formula (0;g(t, z) =
—62? +6t, 0,9(t, x) = 4a® — 12tx, O2g(t, x) = 122 — 12t) we obtain (note that 9,9 + 3029 = 0):
1
dX, = [(Dg)(t,B,) + 5ajg(t,Bt)] dt + 0,g(t, By) dB,
= (4B} —12tB,) dB;,

or equivalently for 0 <t < T (we have X, = 5):
t
X, =5 +/ (4B? — 12sB,) dB,.
0

Define f(s,w) := 4B,(w)? — 125By(w). We now show that f € L:
e For all s € [0,T7], f(s,-) € Fs since By € Fy.

e For all w € Q, s — f(s,w) is continuous (s — Bj is continuous) and thus (together with
the first point) f is product-measurable.

e We have (B3 — 3sB,)? = B® — 6sB2 + 9s*B2. Since E[Z5] = 15 and E[Z'] = 3 for
Z ~ N(0,1), we have

/OTE[f(s,-)2] ds = 4% [/OTM\EL@ ds—6/0Ts@\E££z§/] ds+9/0Ts2@ ds

=15s3 =352 =s

T
= 42-6-/ s% ds = 24T* <
0

(such an exact calculation is not necessary, one could also bound the integral by some
finite term from above!)



We conclude that ( fo ) dB )te 0,7)

(i) Note that X; = g(t, Bt) Wlth g(t,z) == X2 sin(\z). By Ito’s formula (d,g(t, z) = %Qg(t,x),
0,g(t,x) = AeN¥? cos(\x), 02q(t, v) = —\2g(t,x)) we obtain (note that d,g + 192g = 0):

is a martingale, thus (X):co,7] is @ martingale.

1
dX; = [(atg)(t,Bt)—l—iaig(t,Bt)] dt + 0,9(t, B,) dB,
(A2 cos(AB,)) dBy,

or equivalently for 0 < ¢ < T (we have Xy = 0):
t
X :/ (/\e’\25/2 COS()\BS)) dB;.
0

Define f(s,w) := Ae***/2 cos(AB,(w)). We now show that f € £:
e For all s € [0,T], f(s,-) € Fs since B; € F.

e Forallw € Q, s — f(s,w) is continuous (s — Bj is continuous) and thus (together with
the first point) f is product-measurable.

e We have
! 2 Tlox 2 lcosOI<T o (T
/ E[f(s,-)*] ds = / AeM *Elcos(ABs) ] ds < A / et ® ds
0 0 0
= M _1<o0

We conclude that (X;) tef0,1] = (fo )te[(] 11 is a martingale.

e —A%t)2 ) —
t — ; 3 = . , =
(iii) Note that X; = ¢(t, B;) with g(t x) e~ t2 cosh(Ax). By Ito’s formula (0,g(t, z)
A2 —N2t/2 o 2 2 ;
—%5g(t,w), Oxg9(t, ) = Xe sinh(Az), 07g(t,x) = Ag(t,z)) we obtain (note that 0,g +
3029 = 0):
1
dX, = [(Q)(t, Br) + 50;9(t, Br)] di + d9(t, Bi) dBy
= (Ae™M"2sinh(\B,)) dB,,

or equivalently for 0 <t < T (we have Xy = 1):
t
X, =1+ / (Ae™*/2sinh(\B,)) dB,.
0

Define f(s,w) := Ae **2sinh(AB,(w)). We now show that f € L:
e For all s € [0,7], f(s,-) € Fs since B; € Fs.

e Forallw € Q, s — f(s,w) is continuous (s — By is continuous) and thus (together with
the first point) f is product-measurable.

x

e We have (note that sinh(x)? = W —1< %

and E[e??] = e7"/2 for Z ~ N(0,1))

r T 2 AZ T 2 2
/ E[f(s,)*] ds = )\2/ e E[ sinh(AB,)? ]ds < T e 268 ds
0 0

——— 0
S%(eQABS+e—2ABS)
A2 1
— _— 6)\28 dS = — |:€)\2T ]_:I < o
2 /o 2



We conclude that ( fo )dB )
is a martingale.

(iv) Define Y; = g(t, B;) with g(t,x) := t>z3. By Ito’s formula (9;g(t, ) = 2tz3, d,9(t,x) =
3t2x%, 02g(t,x) = 6t>r) we obtain:

is a martingale. Thus (X3):cp,1) (1+f0 )dB )

te[0,7T7] t€[0,T

1
Y, = [(B9)(t, By) + §a§g(t,Bt)] dt + 0,9(t, B;) dB,
= (2tB} 4+ 3t°B,) dt + (3t°B;) dB;,
or equivalently for 0 <t < T (we have Yy = 0):
t t
Y, = / sBs(2B2 + 3s) ds + / (3s°B?) dB,,
0 0
ie. X, =Y, — [[sBy(B?+3s) ds = [; (3s°B?) dB,.

Define f(s,w) := 3s?B,(w)?. We now show that f € L:
e For all s € [0,T], f(s,-) € Fs since By € F.

e For allw € Q, s — f(s,w) is continuous (s — By is continuous) and thus (together with
the first point) f is product-measurable.

e We have (note that E[Z*] = 3 for Z ~ N(0,1)):

T T T o7
/ E[f(s,-)?] ds = 9/ s'E[B]] ds = 27/ ®ds==T" < o0.
0 0 ~—— 0 7

=3s2

We conclude that (X;)icpo,m = ( fo is a martingale.

)te[O,T]

(d) (i) Let T := t. We search for g such that 0,g(t,z) = e~*. This is fulfilled for ¢g(t,z) = —e™".
Put Y; := g(t, B;) = —e~Pt. By Ito’s formula, we have

1

= —%e_Bt dt + €_Bt dBt,

or equivalently (since Yy = —1),

1 t t t 1 t
—e B =_1- —/ e P ds +/ e P dB, < / e P dB, =1+ —/ e P ds —e P
2 Jo 0 0 2 Jo

We obtain that . .
1
eBt/ e B dB, = Pt + —/ eBr=Bs ds — 1
0 2 Jo

Since E[e?] = /2 for Z ~ N (0, 0?), we have with Fubini’s theorem (the integrand is positive)

t L
E[eBt/ e dB.] = Ele™]+5 / E[e? ] ds —1
0 0
1 t
= et/2+_ / e(t—s)/Q dS _1
2 0
—_—
=[—2e(t=9)/2]t =2(et/2-1)
ell? 4 (et/z —1) -1
2( t/2 - 1)
(ii) Let T :=t. We have B; = fo 1 dB, (obviously 1 € £), and f(s,w) := B,(w)? fulfills f € £

since



e For all s € 0,7, f(s,-) € Fs since B € Fy.

e Forallw € Q, s — f(s,w) is continuous (s — By is continuous) and thus (together with
the first point) f is product-measurable.

e We have (since E[Z*] = 3 for Z ~ N(0,1)):

/OT]E[f(s,~)2] ds = /OT% ds = T? < 0.

=352

By Ito’s isometry, we have
t t t t t 1
]E[Bt-/ B? dB,] :]E[/ 1 dBS-/ f(s,-) dB] :/ E[1- f(s,)] ds:/ E[BZ] ds = 5152.
0 0 0 0 0

(e) Define g(t,z) := f(t)x and Y; := g(t, B;) = f(t)B;. Obviously, g is twice differentiable. By
[to’s formula we obtain for t € [0, 7] a.s.:

= f'(t)B, dt + f(t) dB;.

Since Yy = f(0)By = 0, this is equivalent to: For all ¢ € [0, 7] it holds a.s. that

ros=vi= [ s st [ 6 an e s~ [ B as= [ .



