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1. Introduction
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Framework and Notations

I X (signal/truth) and Z (observation) are two stochastic processes
de�ned on the probability space(
 ; F ; P).

I The pair of processes(X; Z ) forms the basis of the nonlinear
�ltering problem which consists in �nding the best approximation of
the posterior distribution of the signalX t given the observations
Z1; Z2; : : : ; Z t .

I � t is the posterior distribution of the signal at time t.

I In our applications,X is the pathwise solution of either the Lorenz
'63 model or a stochastic version of the rotating shallow water
system.

For details on the nonlinear �ltering problem see [4] D. Crisan & A. Bain,
Fundamentals of Stochastic Filtering.
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The Stochastic Filtering Problem

The process of using partial observations and a stochastic model to make
inferences about an evolving dynamical system.
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The Stochastic Filtering Problem

I X the signal process - \hidden component"
I Z the observation process - \the data"

The �ltering problem : Find the conditional distribution of thesignalX t

givenZ t = � (Zs; s 2 [0; t]), i.e.

� t (A) = P(X t 2 AjZ t ); t � 0; A 2 B(RdX ):

Discrete framework:

(X t )t � 0 Markov chain P(X t 2 AjX t � 1 = x t � 1) = K t (x t � 1; A)dt;

(X t ; Z t )t � 0 P(Z t 2 dzjX t = x t ) = gt (zjx t )dz

Continuous framework:

dX t = f (X t )dt + � (X t )dWt ;

dZt = h(X t )dt + dVt :
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The Stochastic Filtering Problem

I Let F X
t be the �ltration generated by the signal processX = ( X t )t ,

that is
F X

t , � (X s; s 2 [0; t]):

I We assume thatX is a Markov process. That is, for allt 2 N and
A 2 B(Rd),

P
�
X t 2 A j F X

t � 1

�
= P(X t 2 A j X t � 1) :

I Let K t be its transition kernel:

K t : RdX � B (RdX ) ! [0; 1]; K t (x; B ) = P(X t 2 B jX t � 1 = x t � 1)

for any Borel measurable setB 2 B(RdX ) and x t � 1 2 RdX . The
transition kernelK t is required to have the following properties:
i. K t (x; �) is a probability measure on(RdX ; B(RdX )) , for all t 2 N

and x 2 RdX .
ii. K t (�; A) 2 Bb(RdX ); for all t 2 N and A 2 B(RdX ).
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The Stochastic Filtering Problem

I The processZ models noisy measurements of the truth, using the
observation operatorh : RdX ! RdZ :

Z t = h(X t ) + Vt

where(Vt )t � 0 are i.i.d. random variables which represent the
measurement noise, andh is a Borel-measurable function.
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The Stochastic Filtering Problem

I The observations are incorporated into the system atassimilation
times. In particle �ltering, an ensemble of particles is evolved
between assimilation times according to the law of the signal.

I At each assimilation time the observation is incorporated into the
system through thelikelihood function:

gzt
t : RdX ! R+ ; gzt

t (x) = gt (zt � h(x t )) = P(Z t 2 dzt jX t = x t )
Z

A
g(zt � h(x t ))dzt = P(Z t 2 AjX t = x t );

whereA 2 B(RdZ ) the � -algebra of Borel measurable sets onRdZ .
I The following recursion formula holds (see [4])

� t = gt ? � t � 1K t

where by '?' we denoted theprojective product.
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The Stochastic Filtering Problem

I Schematically, the recursion formula� t � 1 �! � t can be described as

�
a;z 0: t � 1
t � 1

K t��������!
model

forecast
prediction

�
a;z 0: t � 1
t � 1 K t =: � b

t =: pt

tempering; g
z t
t

?
������������!

assimilation
analysis

update

gz t
t ? � b

t = � a;z 0: t
t :

I We use the superscriptsz0:t � 1 := ( z0; : : : ; zt � 1) and
z0:t := ( z0; : : : ; zt ) to emphasize the dependence on the �xed data.

I The indicesa and b stand foranalysisand background, respectively.

I pt := pZ 0: t � 1
t is the predictive distribution of the signal, that is the

distribution of the signalX t given the observationsZ0; Z1; : : : ; Z t � 1.
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The Stochastic Filtering Problem

I By the de�nition of the projective product, the recursion formula can
be written in the more familiar form:

� t (B ) =

Z

B
gzt

t (x t )pt (dxt )
Z

Rd X

gzt
t (x t )pt (dxt )

= � � 1
t

Z

B
gzt

t (x t )pt (dxt )

whereB 2 B(RdX ) and � t :=
Z

Rd X

gzt
t (x t )pt (dxt ) is a normalising

constant.
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The Stochastic Filtering Problem

Notations:

� posterior measure: the conditional distribution of thesignalX t givenZ t

� t (A) = P(X t 2 AjZ t ); t � 0; A 2 B(Rd):

� predictive measure: the conditional distribution of thesignalX t given

Z t � 1

pt (A) = P(X t 2 AjZ t � 1); t � 0; A 2 B(Rd):

� prior distribution: the distribution of thesignalX t

qt (A) = P(X t 2 A); t � 0; A 2 B(Rd):
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The Stochastic Filtering Problem

Bayes' recursion formula
The posterior distribution satis�es the following recursion formula ([4])

Prediction pt = K t � t � 1

Updating � t = gt ? pt

In other words,d� t
dp t

= C � 1
t gt , whereCt ,

R
Rd X gt (zt ; x t ) pt (dxt ).

� t � 1
K t�������!

model
forecast

prediction

K t � t � 1 =: pt
non-linear: gt ?
���������!
assimilation

analysis
update

gt ? pt = � t
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Particle Filters

I Signal: X ! pathwise solution of an SPDE (for us either Lorenz '63
or SALT-SRSW)

I Observation process:Z
I � t = posterior distribution ofX t givenZ1; Z2; : : : Z t !

approximated using a set of particles i.e. random measures:

� t � � N
t =

NX

` =1

w`
t � (x `

t )

I w1
t ; w2

t ; : : : ! weights of the particles

I x1
t ; x2

t ; : : : ! positions of the particles
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Particle Filters

I We model the evolution of the signal discretely in time through a
map M t : RdX ! RdX

I If x `
t 1

, x `
t 2

is the position of the particlè at time t1 respectivelyt2

then
x `

t 2
= M t 2 (x `

t 1
):

and

� a
t 2

=
NX

` =1

w`
t 2

� (M t 2 (x `
t 1

)) =
NX

` =1

w`
t 2

� (x `
t 2

):
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Particle Filters

Classical Particle Filter
The resampling procedure ensures that particles with low weights are replaced
with particles with higher weights. Following the resampling, an ensemble of
equal-weighted particles is obtained. In high-dimensional spaces: one particle
gaining a weight close to one while all the others have weights close to zero
and therefore are discarded.
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2. Nonlinear Signals
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2.1. A Stochastic Rotating Shallow Water
(SRSW) Model
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Rotating Shallow Water Model (deterministic)

Picture produced by Alex Lobbe. See [2].
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Rotating Shallow Water Model (deterministic)
The inviscid model:

D
Dt

ut + f ẑ � ut + gr ht = 0 (1a)

@ht
@t

+ r � (ht ut ) = 0 (1b)

I D
Dt := @

@t + u � r is the material derivative.
I u = ( u1; u2) is the horizontal 
uid velocity vector �eld
I h is the height of the 
uid column
I f is the Coriolis parameter,f = 2� sin ' where� is the rotation

rate of the Earth and' is the latitude;f ẑ � u = ( � fu 2; fu 1),
whereẑ is a unit vector pointing away form the centre of the Earth;
g is the gravitational acceleration

We can formally re-write a viscous version of the RSW system:
X := ( u; h) and then

dX t + F (X t ) dt = 0 (2)

where F (X t ) denotes

F

�
u
h

�
=

�
u � r u + f ẑ � u + gr h � � � u

r � (hu ) � � � h

�
: (3)
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Nonlinear Stochastic Transport
Example: vorticity equation

I deterministic transport: the Lie form of the vorticity equation
contains a Lie derivative which expresses the change of vorticity
along the 
ow generated by the velocity vector �eld:

@t ! t + L u t ! t = 0 , d! t + ut � r ! t dt = 0

I vorticity: ! t = curl u t = r � ut
I stochastic transport: perturb the velocity vector �eld and investigate

the case where vorticity is transported along the newly perturbed
trajectory (Stochastic Advection by Lie Transport, Holm, 2015):

dyt := ut dt +
X

i

� i � dW i
t :

d! t + ut � r ! t dt +
X

i

� i � r ! t � dW i
t = 0

I (� i ) i vector �elds:
I divergence-free, time-independent, derived from the underlying

physics
I improved representation of the missing physics
I induce variability in the particle �lter ensemble
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A Stochastic Rotating Shallow Water Model
Stochastic version:

dut +
�
ut � r ut + f ẑ � ut + gr ht

�
dt+

1X

i =1

�
(L i + A i )ut

�
� dW i

t = � � ut dt

(4a)

dht + r � (ht ut )dt+
1X

i =1

�
r � (� i ht )

�
� dW i

t = � � ht dt (4b)

where� i are divergence-free and time-independent vector �elds,

L i u := � i � r u; A i u := uj r � j
i =

2X

j =1

uj r � j
i .

Re-written as:

dX t + F (X t ) dt +

1X

i =1

Gi (X t ) � dW i
t = 0 (5)

whereW i are independent Brownian motions, andGi are di�erential
operators:

Gi (X ) = Gi

�
u
h

�
=

�
L i u + A i u

L i h

�
:
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A Stochastic Rotating Shallow Water Model
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A Stochastic Rotating Shallow Water Model

Real jetstream, from NASA at https://svs.gsfc.nasa.gov/3864
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2.2. The Lorenz '63 (L63) Model
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The L63 Model
I L63 model:

dx = � (y � x)dt + �dW 1
t

dy = (( � � z)x � y) dt + �dW 2
t

dz = ( xy � 
z ) dt + �dW 3
t

I �; �; 
 are real positive parameters.

I Well-known for the broad spectrum of patterns displayed for
di�erent values of�; �; 
 and its butter
y attractor . The original
values chosen by Lorenz were� = 10; � = 28 and 
 = 8

3 .

I Implemented here using a Runge-Kutta scheme of order 4, with
initial conditionsx0 = 1 :508870; y0 = � 1:531271; z0 = 25:46091.

I We �rst use the Runge-Kutta scheme to implement the three
deterministic equations, then we generate a random �eld and
perturb the system in a manner which is similar to the one described
at "Jittering" ( � = 0 :99 here).
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3. Tempering, Jittering, Calibration
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Tempering
I In order to quantify the spread of the weights with respect to the

posterior, we use thee�ective sample sizestatistic:

ess(w) =
1

NX

` =1

(w` )2

I If the ess is smaller than a representative thresholdN threshold $
particles have drifted in a 'wrong' direction and many of them have
small weights.

I The esswill be chosen to be above a certain threshold in order to
keep the ensemble of particles in the right place$ particles have
comparable weights.

I Tempering1: 
atten (gradually) the likelihood distribution such that
N threshold is attained, then resample) a more diverse ensemble of
particles which are samples corresponding to a sequence ofaltered
distributions! repeat until the original distribution is recovered.

1Originally introduced in [5].
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Tempering
I This is performed using a sequence of temperatures

0 = � 0 < � 1 < : : : � R = 1 to ensure that theess remains above the
chosen threshold. Once the temperature is chosen, a resampling
procedure is applied. The output is a sequence oftempered posterior
distributions with corresponding normalised tempered weights.

I Intermediate tempered posterior distribution at ther th tempering
step:

� r
t (B ) =

Z

B
(gzt

t (x t ))
� r pt (dxt )

Z

Rd X

(gzt
t (x t ))

� r pt (dxt )

for any B 2 B(RdX ).
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Tempering

I Each intermediate step incorporates a resampling procedure followed
by a jittering one. If we denote byxr = ( x `;r )N

` =1 the positions of
the ensemble of particles at the beginning of the intermediate step
r = 0 ; 1; : : : R, then at the r -step we resample from

� r;N
t i

=

NX

` =1

wr;`
t i

(� r ; xr )� (x `
t i

)

NX

` =1

wr;`
t i

(� r ; xr )

;

wherewr;`
t i

(� r ; xr ) =
�
g

zt i
t i

(x `
t i

)
� � r � � r � 1 ;

I The corresponding e�ective sample size of� r;N
t i

is controlled by a
suitable choice of the temperature increment� r � � r � 1.

I (� r;N
t )N is an approx. for� r

t .
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Jittering
I Without jittering we have

x `
t 2

= M (x `
t 1

)

which can also be written as

x `
t 2

= M (x `
t 1

; W(t1 : t2))

whereW is the driving Brownian motion of the model and
W (t1 : t2) is the Brownian path betweent1 and t2.

I Then the prior distribution is given by

pt 2 =
1
N

NX

` =1

� (x `
t 2

):

I Issue: after resampling the particles end up in the same place and
we can have a large number of duplicates.) An arti�cial predictive
step is applied, through a Metropolis-Hastings procedure called
jittering. This increases the spread of the ensemble whilst keeping
the approximation asymptotically consistent.
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Jittering

I We modify the last part of the particle trajectory using ajittering
parameter� and a Gaussian random variableZ which is orthogonal
to W .

I The new dynamics is given by

~x `
t 2

= M t 2

�
x `

t 1
; �W (t1 : t2) +

p
1 � � 2Z (t1 : t2)

�

where
x `

t i
= M t i

�
x `

t i � 1
; W(t i � 1 : t i )

�
:

See [1] OL, D. Crisan, P. J. van Leeuwen, R. Potthast,Bayesian Inference for Fluid

Dynamics: A Case Study for the Stochastic Rotating Shallow Water Model, Frontiers in

Applied Mathematics and Statistics, 8 (2022).
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Tempering and Jittering: The Algorithm

I t = 0 : Sample N particles from the prior distribution.

I ( t i � 1 ; t i ] : We have an ensemblex of particles with positions (x `
t i � 1

) ` where

x `
t i

= M (x `
t i � 1

; W ( t i � 1 : t i )) . We want to assimilate observational data zt i in order to

obtain a new ensemble(x `
t i

) ` that de�nes � N
t i

:

I Evolve x `
t i � 1

SP DE
��������!
SRSW;L 63

x `
t i

.

I Set temperature � = 1 .

I While ess i ( �; x) < N threshold do
I Find � 0 2 (1 � �; 1) such that ess i ( � 0 � (1 � � ) ; x) � N threshold .

Resample according tow `
i ( � 0 � (1 � � ) ; x) and apply MCMC with jittering if

required (i.e. if there are duplicates) ) a new ensemblex( � 0) .

I Set � = 1 � � 0 and x = x( � ) .

I If ess i � N threshold then Stop and go to the ( i + 1) th �ltering step with

(x `
t i

; w `
i ) ` .

I Jittering: new dynamics given by

~x `
t 2

= M

�
x `

t 1
; �W ( t 1 : t 2 ) +

p
1 � � 2 Z ( t 1 : t 2 )

�
:
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Tempering and Jittering for the Lorenz '63 Model

Evolution of the Lorenz '63 model for 500 time steps without any data assimilation, x
variable.
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