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1. Introduction
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Framework and Notations

X (signal/truth) and Z (observation) are two stochastic processes
de ned on the probability spacé ;F;P).

The pair of processefX; Z ) forms the basis of the nonlinear
Itering problem which consists in nding the best approximation of
the posterior distribution of the signaX; given the observations

¢ is the posterior distribution of the signal at time t.
In our applications X is the pathwise solution of either the Lorenz

'63 model or a stochastic version of the rotating shallow water
system.

For details on the nonlinear ltering problem see [4] D. Crisan & A. Bain,
Fundamentals of Stochastic Filtering
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The Stochastic Filtering Problem

The process of using partial observations and a stochastic model to make
inferences about an evolving dynamical system.
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The Stochastic Filtering Problem

I X the signal process - \hidden component"
I Z the observation process - \the data"

The ltering problem : Find the conditional distribution of thesignal X,
givenZ, = (Zs;s 2 [0;t]), i.e.

t(A)= P(X{ 2 AjZy); t 0, A2B(R¥™):
Discrete framework:

(Xt)t o Markov chain P(Xt 2 A]Xt 1= Xt ]_)= Kt(Xt 1,A)dt,
(Xt;Z)t o P(Zi 2 dzjX¢ = X¢) = Gi(zjx)dz

Continuous framework:

dXy
dz,

f(Xpdt+  (X¢)dW;
h(X()dt + dVi:
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The Stochastic Filtering Problem

Let FX be the ltration generated by the signal process = ( X¢)t,

that is
FX, (Xs s2]0;t]):

We assume thaliX is a Markov process. That is, for all2 N and
A 2 B(RY),
PX{2AjF{;, =PX{2AjX¢ 1):
Let K; be its transition kernel:
Ke:R™ B (R™)! [0;1] Ki(x;B)= P(X{ 2 BjX¢ 1= Xt 1)

for any Borel measurable s& 2 B(R% ) andx; 1 2 R% . The

transition kernelK; is required to have the following properties:

i. Ki(x; ) is a probability measure ofR% ;B(R%)), for allt 2 N
andx 2 R9

ii. K¢(;A)2Bp(RY¥);forallt2 NandA 2 B(RY).

7/107



The Stochastic Filtering Problem

The procesZ models noisy measurements of the truth, using the
observation operatoh : R% | RY%:

Zy = h(X)+ W,

where(V;); o are i.i.d. random variables which represent the
measurement noise, anl is a Borel-measurable function.
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The Stochastic Filtering Problem

The observations are incorporated into the systemaaisimilation
times. In particle Itering, an ensemble of particles is evolved
between assimilation times according to the law of the signal.

At each assimilation time the observation is incorporated into the
system through thdikelihood function

G R™ R g (X)= gz h(x) = P(Z¢ 2 dzijX; = x;)
z
g(Zt h(Xt))dZt = P(Zt 2 AJX’[ = Xt);
A

whereA 2 B(R%) the -algebra of Borel measurable sets Bz .
The following recursion formula holds (see [4])

t= G ? ¢ 1Ky

where by ?" we denoted theprojective product
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The Stochastic Filtering Problem

I Schematically, the recursion formula 1 ! + can be described as
az o g Kt az gy 1 K. = b= \ tempering; g tZt ? to b azor.
t 1 ’ model t1 t T pe: assimilation gt e t ’
forecast analysis
prediction update
I We use the superscriptg: 1:=(20;:::;z 1) and
Zot :=(20;:::;2) to emphasize the dependence on the xed data.

I The indicesa and b stand foranalysisand background respectively.

Zo:t 1

I pt=p is the predictive distribution of the signal, that is the
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The Stochastic Filtering Problem

I By the de nition of the projective product, the recursion formula can
be written in the more familiar form:

z
g (e)pe(dx) VA
t(B)= 22 = 1 g (xope(dx)
g (xe)pe(dxt) B
z
whereB 2 B(R% ) and  := ot (X¢)pe (dxy) is a normalising
Rdx

constant.
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The Stochastic Filtering Problem

Notations:

posterior measurethe conditional distribution of thesignalX givenZ;

t(A)= P(X{ 2 AjZy); t 0, A2B(RY):

predictive measurethe conditional distribution of thesignalX; given

Zy 1
p(A)= P(X¢ 2 AjZy 1); t 0, A2B(RY:
prior distributiort the distribution of thesignal X

q(A)= P(X{2A); t 0 A2B(RY:
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The Stochastic Filtering Problem

Bayes' recursion formula
The posterior distribution satis es the following recursion formula ([4])

Prediction

P
Updating

t

Ki t 1
G 7R

R
In other Words,gT: = C, "o, whereCy, oy G (26 %) P (0X).

Kt

. non-linear: g; ? _
t 1! Ke ¢ a=tpd O ?7p= ¢
model assimilation
forecast analysis
prediction

update
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Particle Filters

I Signal: X ! pathwise solution of an SPDE (for us either Lorenz '63
or SALT-SRSW)

I Observation processZ
I | = posterior distribution of X givenZ,;Z,;:::Z; !
approximated using a set of particles i.e. random measures:

N o
t t = Wy (X¢)
-
I wi:w?;::: ! weights of the particles

I xt;x2;:::1 positions of the particles
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Particle Filters

I We model the evolution of the signal discretely in time through a
mapM  : R% I Rdx

I 1f x,,, X, is the position of the particlé at time t; respectivelyt,
then

X;z = M IZ(X;l):

and

8= w, Mo(x))= W, (X,):
‘=1 =1
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Particle Filters

Classical Particle Filter

The resampling procedure ensures that particles with low weights are replaced
with particles with higher weights. Following the resampling, an ensemble of
equal-weighted particles is obtained. In high-dimensional spaces: one particle
gaining a weight close to one while all the others have weights close to zero
and therefore are discarded.
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2. Nonlinear Signals
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2.1. A Stochastic Rotating Shallow Water
(SRSW) Model



Rotating Shallow Water Model (deterministic)

Picture produced by Alex Lobbe. See [2].
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Rotating Shallow Water Model (deterministic)
The inviscid model:

D
Ftut+f2 ug + gr h{ =0 (1a)
%ht+ r (hu)=0 (1b)

D .— @ ; ; St
ot T gt uris the material derivative.

|
I u=(ul;u?) is the horizontal uid velocity vector eld
I his the height of the uid column
I f is the Coriolis parameterf, =2 sin ' where is the rotation
rate of the Earth and is the latitude;f 2 u=( fu?;ful),
where? is a unit vector pointing away form the centre of the Earth;
g is the gravitational acceleration
We can formally re-write a viscous version of the RSW system:

X :=(u;h) and then
dX¢ + F (X¢)dt =0 (2

where F (X ) denotes

u _ uru+f2 wu+grh u .
Fon 7 r(hu) h : ®
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Nonlinear Stochastic Transport

Example: vorticity equation

deterministic transport: the Lie form of the vorticity equation
contains a Lie derivative which expresses the change of vorticity
along the ow generated by the velocity vector eld:

@!t+|-u‘!t=0 s dly+u r!dt=0

vorticity: ' = curluy =r U
stochastic transport: perturb the velocity vector eld and investigate
the case where vorticity is transported along the newly perturbed
trajectory (Stochastic Advection by Lie Transport, Holm, 2015):
X .
dy; = udt+ Podwy:
X
d!t+utr!tdt+ ity thi:O

( i)i vector elds: i

I divergence-free, time-independent, derived from the underlying

physics
I improved representation of the missing physics
I induce variability in the particle lter ensemble
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A Stochastic Rotating Shallow Water Model

Stochastic version: "

duc+ ug rug+f2 ug+grh dit (Li + A)uy  dwW, = udt
i=1
(4a)
X .
dhy + r  (hiu)dt+ ro(ihy) dw/ = hdt (4b)
i=1
where ; are divergence-free and time-independent vector elds,
X .
Liu= § ru Ajus=ur | = ur 1.
j=1
Re-written as: v
dX¢+ F (X)dt+ G (X:) dw/ =0 ®)

i=1

whereW' are independent Brownian motions, ar@ are di erential
operators:

Liu+ Aj
G(X)= G E = I uL, h i
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A Stochastic Rotating Shallow Water Model
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A Stochastic Rotating Shallow Water Model

Real jetstream, from NASA at https://svs.gsfc.nasa.gov/3864
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2.2. The Lorenz '63 (L63) Model



The L63 Model

L63 model:

dx = (y x)dt+ dw/}
dy = (( 2)x  y)dt+ dw/?
dz=(xy z)dt+ dw/

M are real positive parameters.

Well-known for the broad spectrum of patterns displayed for
di erent values of ; ; and its butter y attractor . The original
values chosen by Lorenz were= 10; =28 and = %.
Implemented here using a Runge-Kutta scheme of order 4, with
initial conditionsxg = 1:50887Qyo = 1:531271z = 25:46091

We rst use the Runge-Kutta scheme to implement the three
deterministic equations, then we generate a random eld and

perturb the system in a manner which is similar to the one described
at "Jittering" (= 0:99 here).
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3. Tempering, Jittering, Calibration
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Tempering

I In order to quantify the spread of the weights with respect to the
posterior, we use the ective sample sizestatistic:

1
esqw) =
(w)?
-
I If the essis smaller than a representative threshd\dhreshold  $

particles have drifted in a 'wrong' direction and many of them have
small weights.

I The esswill be chosen to be above a certain threshold in order to
keep the ensemble of particles in the right pla®e particles have
comparable weights.

I Tempering!: atten (gradually) the likelihood distribution such that
Nithreshold 1S attained, then resamplg a more diverse ensemble of
particles which are samples corresponding to a sequencdtefed
distributions! repeat until the original distribution is recovered.

10riginally introduced in [5].
29/107



Tempering

I This is performed using a sequence of temperatures
0= o< 1<::: r =1 toensure that theessremains above the
chosen threshold. Once the temperature is chosen, a resampling
procedure is applied. The output is a sequencdeshpered posterior
distributions with corresponding normalised tempered weights.

I Intermediate tempered posterior distribution at thd" tempering
step: Z

. (g () " pe(dxt)

[(8)= 2
ICHCORECS

for anyB 2 B(R% ).
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Tempering

Each intermediate step incorporates a resampling procedure followed
by a jittering one. If we denote by’ = (x )Y, the positions of

the ensemble of particles at the beginning of the intermediate step
r=0;1;:::R, then at ther-step we resample from

wi (X (xg)
rN =1

o X - ;
we (rix')
-

r r 1

wherewf ( ;x7)= g (x;,) ?

The corresponding e ective sample size q‘f” is controlled by a
suitable choice of the temperature increment ro1.

Ny is an approx. for .
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Jittering

I Without jittering we have
Xt, = M (X,)
which can also be written as
X, = M (X W(ts 0 t2))

whereW is the driving Brownian motion of the model and
W (t; : t2) is the Brownian path betweety andts.

I Then the prior distribution is given by

X
P, = ﬁ (th):
=1
I Issue after resampling the particles end up in the same place and
we can have a large number of duplicatgs. An arti cial predictive
step is applied, through a Metropolis-Hastings procedure called
jittering. This increases the spread of the ensemble whilst keeping
the approximation asymptotically consistent.
32/107



Jittering

We modify the last part of the particle trajectory usingjdtering
parameter and a Gaussian random variakde which is orthogonal
to W.

The new dynamics is given by

. . p
X, = My, X s W (ti:t)+ 1 2Z(ty 1)
where

X, =My %, SW(t 1:t)

See [1] OL, D. Crisan, P. J. van Leeuwen, R. Potthast,Bayesian Inference for Fluid
Dynamics: A Case Study for the Stochastic Rotating Shallow Water Model Frontiers in
Applied Mathematics and Statistics, 8 (2022).
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Tempering and Jittering: The Algorithm

I t=0: Sample N particles from the prior distribution.

I (ti 1:ti]: We have an ensemblex of particles with positions (x;i 1)« where
x;l =M (><;I 1;W (ti 1 :ti)). We want to assimilate observational dataz(i in order to
obtain a new ensemble(x;i )- that de nes 1N, :
| Evolvex; 1 °°PF Xq -
i1 spswiL 63 i
| Settemperature =1.
I While essi (; X) <N treshoa ~ doO
I Find °2 @ ; 1)suchthatessi( ° (1  );X)  Ninweshod
Resample according tow; ( o a ); x) and apply MCMC with jittering if
required (i.e. if there are duplicates)) a new ensemblex( °).
I set =1 Oand x = x( ).
I Ifessi Nyresnos  then Stop and go to the (i +1) " Itering step with
(0, iw,)-

I Jittering: new dynamics given by

x-;Z:M x;l;W(tl:t2)+ 1 27 (ty :t2)
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Tempering and Jittering for the Lorenz '63 Model

Evolution of the Lorenz '63 model for 500 time steps without any data assimilation, x
variable.
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